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Abstract We introduce a contact law for the normal force
generated between two contacting, elastically anisotropic bod-
ies of arbitrary geometry. The only requirement is that their
surfaces be smooth and frictionless. This anisotropic con-
tact law is obtained from a simplification of the exact solu-
tion to the continuum elasticity problem and takes the famil-
iar form of Hertz’ contact law, with the only difference be-
ing the orientation-dependence of the material-specific con-
tact modulus. The contact law is remarkably accurate when
compared with the exact solution, for a wide range of mate-
rials and surface geometries. We describe a computationally
efficient implementation of the contact law into a discrete-
element method code, taking advantage of precomputation
of the contact modulus over all possible orientations. Fi-
nally, we showcase two application examples based on real
materials where elastic anisotropy of the particles induces
noticeable effects on macroscopic behavior.
Keywords Hertzian contact · Anisotropic elasticity ·
Discrete element method
1 Introduction
Beginning with the seminal paper of Cundall and Strack
[12], the Discrete Element Method (DEM) has rapidly es-
tablished itself as a method of choice for simulating the be-
havior of granular materials in a wide range of situations
[60,34,20]. In this approach, Newton’s equations of motion
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are integrated individually for every particle in the system,
taking into account body forces as well as surface forces
that arise from the interactions of contacting particles. Con-
tact force laws dictate the magnitude of these surface forces
as a function of the overlap between adjacent particles. As
such, they are an essential ingredient of any DEM simula-
tion, and a multitude of contact laws of various complexities
have been formulated to account for effects as varied as fric-
tion [12,54,47], damping [7], torsion [15], cohesion [44,33,
36], plasticity [48], and so forth.
Contact force models may be divided into two broad
classes [59]. The first concerns models that are formulated
based on an exact or approximate solution of the physics
governing the contact problem at the scale of the individual
grains. The most prominent example is Hertz’ contact law
[24], which gives an expression for the normal force gener-
ated by the elastic deformation of two contacting spheres.
Hertz’ contact law, which is based on the exact solution of
the continuum elasticity equations for this problem, takes a
remarkably simple form wherein the force is dependent on
the three halves power of the overlap distance between the
particles [30]. Contact force models belonging to the second
class are formulated empirically, balancing ease of imple-
mentation and computational cost with accuracy of the re-
sults. Cundall and Strack’s linear spring-dashpot model falls
under this second category.
Although the second class of methods is particularly use-
ful when one wants to incorporate physical mechanisms that
elude simple analytical solutions, the first class is preferable
when one is concerned with the precise quantification of the
forces in a granular medium. For instance, numerous studies
[39,27,11] have investigated the distribution and properties
of interparticle forces in granular materials and their con-
nection with the external loading characteristics. In the case
of elastically isotropic bodies, for which the contact force is
independent of the direction of contact, Hertz’ contact law
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will return the exact forces as long as the deformation of the
bodies is small and contact points on the same particle are
not too close. Most materials in nature, however, are elasti-
cally anisotropic. Whenever the size of individual particles
becomes small enough, crystalline grains become apparent
relative to the particle size [16], and the contact force be-
tween particles will be direction-dependent as a result of
elastic anisotropy. Myriad engineering processes such as ad-
ditive manufacturing [37] or ceramic packings [21] involve
powders of fine particles, and the accurate quantification of
interparticle forces in these cases calls for a contact force
law that can take elastic anisotropy into account.
In this paper, we derive a contact law for the normal
elastic force that is generated between two elastically aniso-
tropic bodies of arbitrary geometry, as long as the surfaces
are smooth and frictionless. Our approach begins with the
formulation of a numerical procedure for the exact analytical
solution to the continuum elasticity problem, which builds
on more than fifty years of research in the contact mechan-
ics literature [1]. In particular, several authors have sought
to extract a relationship between indentation force, depth,
and contact area during the unloading branch of an indenta-
tion test, wherein an axisymmetric rigid indentor is pressed
against an elastically anisotropic half space [51,52,46,50,
13]. The exact solution procedure that we present here ex-
tends the scope of these studies to the case of two contacting,
elastically anisotropic bodies with smooth and non-spherical
geometry, which lacks a detailed treatment in the previous
endeavors.
We then simplify the exact solution into a readily imple-
mentable anisotropic contact force law, which in the partic-
ular case of spherical contacting bodies B1 and B2 of radii
RB1 and RB2 takes the form
F =
4
3
E˜c∗(α
B1 ,βB1 ,αB2 ,βB2)R1/2δ 3/2, (1)
where F is the normal force and δ the overlap between the
two bodies, R= (1/RB1 +1/RB2)−1 is the composite radius,
E˜c∗ is a material-specific composite modulus depending on
two sets of Euler angles (αB,βB) describing the orientation
of the contact normal direction with respect to the internal
axes of bodies B = B1 and B2. The only difference between
the simplified anisotropic contact law (1) and Hertz’ famil-
iar contact law for isotropic bodies lies in the orientation-
dependence of the composite modulus E˜c∗ , which calls upon
the entire set of elastic constants for the material comprising
each body. This similarity between the isotropic and simpli-
fied anisotropic contact laws extends to smooth particles of
abritrary shape, as we show later in the paper.
The simplification utilizes Vlassak et al.’s [50] idea of
truncating the Fourier series expansion of the surface Green’s
function to its constant term, which was shown in [50] to
result in accurate predictions of the force generated by a
rigid spherical indentor on a half space made of sapphire.
We demonstrate that this accuracy is retained in our con-
tact law for generic smooth contacting particles over a wide
range of materials, with the simplified anisotropic contact
law differing from the exact solution by less than 1% in all
considered cases. We then show how to efficiently imple-
ment these formulas in a DEM scheme, taking advantage of
the offline precomputation of the material-specific contact
modulus over all possible orientations. Finally, we present
two examples involving assemblies of single-crystal zirco-
nia particles that display how anisotropy at the particle level
alters macroscopic behavior and can be exploited in appli-
cations.
The paper is organized as follows. We begin by formu-
lating the contact problem in Section 2 and describe an ex-
act solution methodology in Section 3. Based on successive
simplifications of the exact solution, we then propose in Sec-
tion 4 two simplified contact force laws, which we compare
against the exact solution in Section 5. An implementation
of the first simplified contact law into a DEM code is then
presented in Section 6, along with two example applications
featuring elastically anisotropic particles. Conclusions close
the paper in Section 7. Finally, we invite the reader inter-
ested in the implementation details to consult the appen-
dices.
2 Problem statement
We consider two elastically anisotropic bodies B1 and B2,
comprised of materials having elasticity tensors CB1 and
CB2 . Throughout the paper, quantities with a superscript B1
and B2 will refer to body B1 and body B2, respectively, and
quantities with a superscript B will refer to either body in-
terchangeably. In the reference unstressed configuration, the
two bodies are contacting at a single point and are separated
by a common tangent contact plane, as pictured in Figure
1(a). Let the contact point O be the origin of a cartesian co-
ordinate system (x,y,z), where the x-y plane is the common
tangent plane and the z-axis is directed along the inward nor-
mal of body B1. The initial gap g0(x,y) measures the gap be-
tween the undeformed bodies, and is given to lowest order
by
g0(x,y) = Mx2+Ny2, (2)
where the x- and y-axes have been chosen so that they align
with the principal axes of the contour levels of g0(x,y), and
N ≥M by convention. In this work, we only consider bodies
with a smooth and convex surface, for which the first-order
terms of g0(x,y) are zero and M, N are both positive. While
outside the scope of this paper, we mention that formulae
to obtain M and N from the principal radii of curvature of
bodies B1 and B2 at the contact point are given in the books
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Fig. 1 Geometry of the Hertzian contact problem. (a) In the reference configuration, the two bodies are contacting at a single point O and separated
by a common tangent plane. The coordinate system (x,y,z) is defined in such a way that the (x,y)-axes, spanning the tangent plane, are aligned
with the principal axes of the contour levels of the initial gap function g0(x,y). (b) In the deformed configuration, the two bodies are pressed against
each other with a normal force F , resulting in a relative displacement normal to the tangent plane as well as the establishment of a finite contact
region A . (c) In the tangent contact plane, the contact area takes the shape of an ellipse whose major and minor axes (x1,x2) are rotated by an
angle φ with respect to the (x,y) axes. The set of polar coordinates (r,θ) used in Section 3.2 is defined with respect to the (x1,x2) axes.
of Johnson [30] and Barber [4]. In the specific case of ellip-
soidal bodies, the calculation of the principal radii of curva-
ture knowing the contact point and orientations of B1 and B2
is nontrivial and explained in the appendix of [58].
The bodies are then pressed against each other with a
force F directed along the normal to the contact plane, which
results in a relative displacement δ and the establishment of
a finite contact region A , as pictured in Figure 1(b). We
denote the vertical surface displacement generated in each
body along the z-axis by wB1(x,y) and wB2(x,y), respec-
tively. The final gap g(x,y) is then given by
g(x,y) = g0(x,y)−δ +wB1(x,y)−wB2(x,y). (3)
Note that wB1(x,y) ≥ 0 and wB2(x,y) ≤ 0 due to the orien-
tation of the z-axis. In the contact region A , we necessarily
have g(x,y) = 0, which implies
wB1(x,y)−wB2(x,y) = δ −g0(x,y), (x,y) ∈A . (4)
Outside the contact region, the gap g(x,y) must be positive,
which translates as
wB1(x,y)−wB2(x,y)> δ −g0(x,y), (x,y) /∈A . (5)
We assume that the surfaces are frictionless, so that there is
only a normal traction (that is, a pressure) p(x,y) between
the bodies, which resultant over the contact area A is equal
to F . The boundary conditions (4) and (5) are supplemented
by the condition that p(x,y)> 0 for (x,y)∈A , and p(x,y)=
0 for (x,y) /∈A .
The problem, therefore, is to relate the normal force F
between the bodies with their relative displacement δ . This
was first solved analytically by Hertz [24] for elastically iso-
tropic bodies, leading to the well-known Hertz contact law.
The solution process is much more cumbersome for elas-
tically anisotropic bodies. While integral expressions have
been derived and solution strategies have been suggested by
various authors using a range of mathematical techniques
[55,3,46,50,19,2], an exact step-by-step solution scheme
for generally-shaped contacting surfaces, including the non-
circular case M 6= N, is still missing. In the next section, we
review relevant previous work concerning both elastically
isotropic and anisotropic bodies. We then walk the reader
through our detailed solution procedure for the anisotropic
contact problem.
3 The Hertzian solution
The solution to the contact problem proceeds in a similar
way for both isotropic and anisotropic bodies. First, a flat
elliptical contact area with semi-axes lengths a1 and a2 is
assumed,
A =
{
(x1,x2) :
x21
a21
+
x22
a22
< 1
}
, (6)
where a2 ≤ a1 by convention, and the (x1,x2) coordinates
are rotated by some angle φ about the (x,y) coordinates, as
shown in Figure 1(c). In addition, a pressure distribution of
the form
p(x1,x2) = p0
(
1− x
2
1
a21
− x
2
2
a22
)1/2
, (x1,x2) ∈A , (7)
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is postulated. One then makes the assumption that the sur-
face displacements generated by this pressure distribution
in the two bodies are equivalent with those that would be
produced in equivalent semi-infinite bodies with planar sur-
faces. This allows to write the solution for the combined sur-
face displacements as the convolution
wB1(x1,x2)−wB2(x1,x2)
= ∑
B∈{B1,B2}
∫∫
A
p(x′1,x
′
2)wˆ
B(x1− x′1,x2− x′2)dx′1dx′2, (8)
where wˆB(x1 − x′1,x2 − x′2) ≥ 0 is the vertical surface dis-
placement at (x1,x2) produced by a unit concentrated nor-
mal load at (x′1,x
′
2) on the surface of a half-space with elas-
ticity tensor CB. For the respective cases of isotropic and
anisotropic bodies, Hertz [24] and Willis [55] showed that
the combined surface displacement (8) agrees with the bound-
ary conditions (4) and (5), thereby validating the postulated
contact area (6) and pressure distribution (7). The problem
is now reduced to finding the Green’s function wˆB(x1,x2),
the form of which will depend on whether the bodies are
isotropic or anisotropic. Once the Green’s function has been
obtained, one can identify (8) with (4) to solve for a1, a2, φ ,
and p0, given M, N, and δ . Finally, F is inferred from the
other parameters by
F =
∫∫
A
p(x′1,x
′
2)dx
′
1dx
′
2 =
2
3
pi p0a1a2. (9)
3.1 Isotropic bodies
We begin with a review of the solution for isotropic bodies,
which we will later refer to when developing a simplified
anisotropic solution. In the isotropic case, the Green’s func-
tion wˆB(x1,x2) is axisymmetric and given in closed form as
wˆB(x1,x2) =
1
piEB∗ (x21+ x
2
2)
1/2 , (10)
where EB∗ is the plane strain modulus of body B, defined
from its Young’s modulus EB and Poisson’s ratio νB as EB∗ =
EB/(1−(νB)2). Inserting (10) into (8) and using (9), we find
that the combined surface displacement within the contact
area A caused by the pressure distribution (7) is [4]
wB1(x1,x2)+wB2(x1,x2)
=
3F
4pia1Ec∗
(
I0(e)− x
2
1
a21
I1(e)− x
2
2
a21
I2(e)
)
, (11)
where Ec∗ is the composite plane strain modulus,
Ec∗ =
(
1
EB1∗
+
1
EB2∗
)−1
, (12)
e is the eccentricity of the contact area,
e =
√
1−
(
a2
a1
)2
, (13)
and I0(e), I1(e), and I2(e) are integrals defined as
I0(e) =
∫ pi
0
dθ
(1− e2 cos2 θ)1/2 , (14a)
I1(e) =
∫ pi
0
sin2 θdθ
(1− e2 cos2 θ)3/2 , (14b)
I2(e) =
∫ pi
0
cos2 θdθ
(1− e2 cos2 θ)3/2 . (14c)
Identifying the surface displacement (11) with the boundary
condition (4), we find that the pressure distribution (7) gives
the correct surface displacement provided that the (x1,x2)
coordinates coincide with (x,y) (that is, φ = 0, which means
that the major and minor axes of the pressure distribution are
aligned with those of the initial gap function). In addition,
this yields the following relations:
3FI0(e)
4pia1Ec∗
= δ , (15a)
3FI1(e)
4pia31Ec∗
= M, (15b)
3FI2(e)
4pia31Ec∗
= N. (15c)
With the above three equations at hand, one can finally solve
for the unknowns a1, e, and F , following the solution strat-
egy which we outline below.
3.1.1 Solution procedure
The solution procedure presented here is similar to that given
in Barber [4], with the exception that the latter reference
uses complete elliptic integrals of the first and second kind
instead of (14). This leads to a numerically ill-posed prob-
lem when e vanishes, which we avoid by working with ex-
pressions (14). We first combine (15b) and (15c) to obtain a
simple nonlinear equation for the eccentricity,
I2(e)
I1(e)
− N
M
= 0. (16)
Then, F is given from (15a) and (15b) by
F =
4pi
3
[I1(e)]1/2
[I0(e)]3/2
Ec∗M
−1/2δ 3/2, (17)
where the material parameter Ec∗ is defined in (12).
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3.1.2 Spherical case
We conclude our review of isotropic materials with a dis-
cussion on the form of the Hertzian solution for the limiting
case of spherical contacting bodies, which results in the cel-
ebrated expression commonly referred to as the Hertz con-
tact law [59,32]. Consider two contacting spheres of radii
RB1 and RB2 . To lowest order, the gap between the unde-
formed bodies is given by
g0(x,y) =
x2
2R
+
y2
2R
, (18)
where 1/R = 1/RB1 + 1/RB2 . Therefore M = N = 1/2R, in
which case (16) gives e = 0, and (17) reduces to the Hertz
contact law,
F =
4
3
Ec∗R
1/2δ 3/2. (19)
3.2 Anisotropic bodies
For anisotropic bodies, there is no direct algebraic expres-
sion for the Green’s function wˆB(x1,x2). Various integral
expressions have been derived by different authors, starting
with Willis [55] who performed a Fourier transform in the x-
y plane and solved implicitly the resulting equations. Willis’
expression, however, requires the simultaneous solution of
multiple nonlinear integral equations, making it challenging
to work with in practice. Instead, we utilize in this paper a
direct integral expression for the Green’s function derived
by Barnett and Lothe [5], obtained by solving the Fourier-
transformed equations using a formalism due to Stroh [45].
First, let the coordinates (XB1 ,X
B
2 ,X
B
3 ) represent a basis
that is preferentially oriented for the material structure in
body B, and with respect to which the components of the
elasticity tensor are CBi jkm. In body B, the stress and strain
are therefore everywhere related as
εBi j = CBi jkmσBkm, (20)
where σBkm and ε
B
i j are, respectively, the components of the
local stress and strain tensors in the (XB1 ,X
B
2 ,X
B
3 ) basis. Fig-
ure 2(a) depicts this body-centric basis for the same bodies
B1 and B2 introduced in Figure 1, but here viewed from the
global reference frame (X1,X2,X3). (The latter is intro-
duced for future reference and will not be referred to in this
section.) We introduce the unit normal n to the contact plane,
which is directed from body B1 to body B2, i.e. along the
negative z-direction. As pictured in Figures 2(b) and 2(c), we
denote by (nB1 ,n
B
2 ,n
B
3 ) the components of n in the (X
B
1 ,X
B
2 ,X
B
3 )
basis of each body. Then, Barnett and Lothe’s expression for
the vertical displacement at a point P in the x-y plane due to
a concentrated unit vertical load at the origin reads1 (see the
appendix of [52])
wˆB(x) =
1
|x|
[
nBk G
−1
km
(
x
|x|
)
nBm
]
, (21)
where x is the position vector of P. The matrix [G] in the
above equation is defined as
Gi j(t) =
∫ 2pi
0
({rr}i j−{rs}ik{ss}−1kr {sr}r j)dγ, (22)
where r,s, t are unit vectors such that (r,s, t) forms a right-
hand Cartesian system, γ is the angle between r and some
fixed point in the plane perpendicular to t, and the matrices
(ab) are defined as
{ab} jk = aiCBi jkmbm, (23)
with (a1,a2,a3) and (b1,b2,b3) denoting the components of
vectors a and b in the (XB1 ,X
B
2 ,X
B
3 ) basis. It now remains to
substitute (21) into (8) and solve the resulting integral. This
is no easy task, but Barber and Ciavarella [2] have suggested
an efficient strategy for doing so, which we formalize here.
We define the set of polar coordinates (r,θ) as (x1,x2) =
(r cosθ ,r sinθ), as shown in Figure 1(c). The angle θ is
measured with respect to the (x1,x2) axes, which are ro-
tated by an as-yet-unknown angle φ with respect to the (x,y)
axes. Since the orientation of the latter with respect to the
(XB1 ,X
B
2 ,X
B
3 ) basis is known, we write the Green’s function
(21) in the ‘relative’ polar coordinates (r,θ) as
wˆB(r,θ ;φ) =
1
r
[
nBk G
−1
km (θ ;φ)n
B
m
]
=
hB(θ ;φ)
r
, (24)
where the presence of φ emphasizes the dependence of the
polar Green’s function on the orientation φ of the (x1,x2)
basis. For completeness, we shall mention that hB(θ ;φ) is
also a function of the material parameters as well as the
(known) orientation of the (x,y,z) basis with respect to the
(XB1 ,X
B
2 ,X
B
3 ) basis. In an effort to preserve clarity of expo-
sure, however, we have omitted this dependence in our no-
tation. As a consequence of Maxwell’s reciprocal theorem
(see [50] or [4]), the function hB(θ ;φ) satisfies the relation
hB(θ ;φ) = hB(θ + pi;φ) and therefore admits the Fourier
expansion
hB(θ ;φ) =
∞
∑
m=0
aBm(φ)cos2mθ +
∞
∑
m=1
bBm(φ)sin2mθ . (25)
Since we necessarily have hB(θ ;φ)= hB(θ+φ ;0), the Fourier
coefficients aBm(φ) and bBm(φ) can be expressed as
aBm(φ) = a
B
m(0)cos2mφ +b
B
m(0)sin2mφ , (26a)
1 Although the unit normal n is shared between bodies B1 and B2
and hence points in opposite directions with respect to each body’s
surface, expression (21) is valid for both bodies since it is quadratic in
the components of n.
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Fig. 2 Further details on the geometry of the problem. (a) The two contacting bodies depicted in Figure 1 are here viewed from the global reference
frame, defined by the coordinates (X1,X2,X3). We represent the local coordinates bases (X
B1
1 ,X
B1
2 ,X
B1
3 ) and (X
B2
1 ,X
B2
2 ,X
B2
3 ) of bodies B1 and
B2, the contact normal and tangent plane directions (x,y,z), as well as the unit normal n to the tangent contacting plane. (b,c) In the reference
frames (XB11 ,X
B1
2 ,X
B1
3 ) and (X
B2
1 ,X
B2
2 ,X
B2
3 ) of body B1 and B2, respectively, the unit-length contact normal n can be parameterized either by its
coordinates (nB1 ,n
B
2 ,n
B
3 ), or by the two Euler angles (α
B,βB).
bBm(φ) =−aBm(0)sin2mφ +bBm(0)cos2mφ . (26b)
Therefore, the knowledge of hB(θ ;0) suffices to calculate
the Fourier coefficients aBm(φ) and bBm(φ). Given the elastic-
ity tensor CB as well as the orientation of the (x,y,z) basis
with respect to the (XB1 ,X
B
2 ,X
B
3 ) basis, we present in Ap-
pendix D an algorithm for computing hB(θ ;0). In practice,
the Fourier coefficients aBm(0) and b
B
m(0) decay very quickly
with m, and we have found that truncating the Fourier se-
ries at m = 5 is perfectly adequate. As shown in Barber and
Ciavarella [2], the integral (8) can then be solved in polar
coordinates using (25), leading to the combined surface dis-
placement
wB1(x1,x2)+wB2(x1,x2) =
3F
4a1
{ ∞
∑
m=0
am(φ)
[
I0,m(e)− x
2
1
a21
I1,m(e)− x
2
2
a21
I2,m(e)
]
+
x1x2
a21
∞
∑
m=1
bm(φ)I3,m(e)
}
, (27)
where am(φ) = aB1m (φ)+aB2m (φ), bm(φ) = bB1m (φ)+bB2m (φ),
and the integrals I0,m(e), I1,m(e), I2,m(e), and I3,m(e) are de-
fined as
I0,m(e) =
∫ pi
0
cos(2mθ)dθ
(1− e2 cos2 θ)1/2 , (28a)
I1,m(e) =
∫ pi
0
sin2 θ cos(2mθ)dθ
(1− e2 cos2 θ)3/2 , (28b)
I2,m(e) =
∫ pi
0
cos2 θ cos(2mθ)dθ
(1− e2 cos2 θ)3/2 , (28c)
I3,m(e) =
∫ pi
0
sin(2θ)sin(2mθ)dθ
(1− e2 cos2 θ)3/2 . (28d)
Note that these integrals relate to the ones defined in (14)
for isotropic bodies as I0,0(e) = I0(e), I1,0(e) = I1(e), and
I2,0(e) = I2(e). Finally, identifying the surface displacement
(27) with the boundary condition (4), one can solve for a1,
e, φ , and F given M, N, and δ . This requires an iterative
approach which we describe hereafter.
3.2.1 Solution procedure
We now present a solution procedure that goes beyond the
solutions detailed in [50] and [2], which are restricted to the
specific case M = N. First, we express the initial gap func-
tion g0 in the (x1,x2) coordinates; see Figure 1(c). This can
be done by substituting the coordinate transformation rela-
tions
x = x1 cosφ − x2 sinφ , (29a)
y = x2 cosφ + x1 sinφ , (29b)
into (2), leading to
g0 = x21(M cos
2 φ +N sin2 φ)
+ x22(M sin
2 φ +N cos2 φ)+ x1x2(N−M)sin2φ . (30)
Enforcing the boundary condition (4) in the (x1,x2) coordi-
nates, we obtain the following equations
3F
4a1
∞
∑
m=0
am(φ)I0,m(e) = δ , (31a)
3F
4a31
∞
∑
m=0
am(φ)I1,m(e) = M cos2 φ +N sin2 φ , (31b)
3F
4a31
∞
∑
m=0
am(φ)I2,m(e) = M sin2 φ +N cos2 φ , (31c)
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3F
4a31
∞
∑
m=1
bm(φ)I3,m(e) = (M−N)sin2φ . (31d)
We recast (31b) to (31d) into two equations for φ and e:
(M−N)sin2φ
∞
∑
m=0
am(φ)I2,m(e)
−(M sin2 φ +N cos2 φ)
∞
∑
m=1
bm(φ)I3,m(e) = 0, (32a)
(M cos2 φ +N sin2 φ)
∞
∑
m=0
am(φ)I2,m(e)
−(M sin2 φ +N cos2 φ)
∞
∑
m=0
am(φ)I1,m(e) = 0. (32b)
Together, (32a) and (32b) form a nonlinear system of equa-
tions for e and φ that can be solved numerically according
to the procedure described in Appendix A, after which the
only remaining unknowns are a1 and F . Combining (31a)
and (31b), we find that F is given by
F =
4
3
[∑∞m=0 am(φ)I1,m(e)]1/2
[∑∞m=0 am(φ)I0,m(e)]3/2
(M cos2 φ+N sin2 φ)−1/2δ 3/2.
(33)
Observe that the anisotropic solution retains the power 3/2
dependence of F on δ from the isotropic solution (17). More-
over, in the limiting case of isotropic materials, one obtains
aB0 (φ) = 1/piE
B∗ and aBm(φ) = bBm(φ) = 0 for all m > 0, and
this solution procedure appropriately reduces to the isotropic
one given in Section (3.1.1).
3.2.2 Limitations for an implementation in DEM
We end this section with a discussion on issues of com-
putational cost. While the solution procedure presented in
this section is reasonably fast so long as one is merely in-
terested in computing the force between two bodies under
a few different situations, it is nevertheless too expensive
for direct implementation into a DEM code. Indeed, the lat-
ter case requires a calculation of the force at every contact
and at every time step, in which case the solution scheme
quickly becomes prohibitively expensive. An alternative op-
tion is to precompute, for a given material, a look-up table
of stored solution values that would then be accessed dur-
ing the course of the DEM simulation. However, such a ta-
ble would have to be four-dimensional – three parameters
to describe the orientation of the (x,y,z) basis with respect
to the (XB1 ,X
B
2 ,X
B
3 ) basis, and one for the ratio N/M – due
to the coupling between equations (32) for e and φ , and the
Fourier coefficients of the Green’s function. In practice, this
is not possible from a storage requirement standpoint, which
essentially precludes the applicability of the exact contact
force law (33) to the DEM. In order to circumvent this issue,
we discuss in the following section two possible simplifica-
tion strategies, which both rely on shortening the form of
the Green’s function (24) appearing in the exact solution.
We also propose an efficient implementation of the simpli-
fied solutions into DEM simulations.
4 Simplifications of the anisotropic Hertzian solution
4.1 Isotropic truncation of the Green’s function
This approximation follows the exact anisotropic Hertzian
solution detailed in Section 3.2, with the crucial difference
that the Fourier expansion (25) of the Green’s function (24)
is truncated after the constant term aB0 (φ), so that a
B
m(φ) =
bBm(φ) = 0 for all m > 0. This idea of truncating the Green’s
function was introduced by Vlassak et al. [50] in the context
of a rigid indentor pressing against an anisotropic half space.
Setting m = 0 in (26) reveals that aB0 is not a function of
φ , as expected since the constant term is equal to the average
of hB(θ ;φ) over all θ . In contrast to the other Fourier coef-
ficients, it follows that aB0 no longer depends on the full ori-
entation of the (x,y,z) basis with respect to the (XB1 ,X
B
2 ,X
B
3 )
basis attached to body B, but only on the orientation of the
unit contact normal n with respect to the (XB1 ,X
B
2 ,X
B
3 ) basis.
As shown in Figures 2(b) and 2(c), this relative orientation
can be parameterized either by the components (nB1 ,n
B
2 ,n
B
3 )
of n or by the two Euler angles (αB,βB), both measured
with respect to the local (XB1 ,X
B
2 ,X
B
3 ) basis. The two repre-
sentations are related as
(nB1 ,n
B
2 ,n
B
3 ) = (cosα
B
√
1− cos2βB,
sinαB
√
1− cos2βB,cosβB), (34a)
(αB,βB) = (arctan2(nB2 ,n
B
1 ),arccosn
B
3 ), (34b)
where arctan2(·, ·) denotes the four-quadrant inverse tangent.
From here on, we will indicate the contact normal direction
with respect to body B in terms of the Euler angles (αB,βB).
After truncation of the Fourier series, the Green’s func-
tion (24) reduces to the same form as that for isotropic bod-
ies,
wˆB(r) =
aB0 (α
B,βB)
r
=
1
piE˜B∗ (αB,βB)r
, (35)
where E˜B∗ (αB,βB) is the plane strain modulus of the equiv-
alent isotropic body, defined by Vlassak et al. [50] as
E˜B∗ (α
B,βB) =
1
piaB0 (αB,βB)
. (36)
In (35) and (36), the superscript B attached to aB0 and E˜
B∗
indicates a dependence of these quantities on the elasticity
tensor CB of body B, which may differ between bodies B1
and B2.
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By virtue of the similarity between the truncated Green’s
function (35) and its isotropic counterpart (10), the rest of
our solution proceeds in an analogous way to isotropic mate-
rials and is considerably simpler than the full anisotropic so-
lution. Similar to the isotropic case detailed in Section 3.1.1,
the phase angle φ = 0 and the eccentricity e satisfies
I2(e)
I1(e)
− N
M
= 0. (37)
Hence, the normal force F is expressed as
F =
4pi
3
[I1(e)]1/2
[I0(e)]3/2
E˜c∗(α
B1 ,βB1 ,αB2 ,βB2)M−1/2δ 3/2, (38)
where E˜c∗ , the composite plain strain modulus of the equiva-
lent isotropic bodies, is given by
E˜c∗(α
B1 ,βB1 ,αB2 ,βB2)
=
(
1
E˜B1∗ (αB1 ,βB1)
+
1
E˜B2∗ (αB2 ,βB2)
)−1
. (39)
4.1.1 Spherical case
Similarly to isotropic materials, the particular case of spheri-
cal bodies lends itself to further simplification. As discussed
in Section 3.1.2, the gap function coefficients for two con-
tacting spheres of radii RB1 and RB2 are given by M = N =
1/2R, with 1/R = 1/RB1 + 1/RB2 . It then follows that the
eccentricity e = 0, and the normal force F reduces to
F =
4
3
E˜c∗(α
B1 ,βB1 ,αB2 ,βB2)R1/2δ 3/2. (40)
4.1.2 Efficient implementation in DEM through a look-up
table
The simplified solutions (38) and (40) obtained from the
truncation of the Green’s function assume the same form as
the exact isotropic solutions (17) and (19), with the excep-
tion of the composite plain strain modulus (39). In the aniso-
tropic solution, the latter depends on the relative orientation
of the contact normal direction with respect to the two bod-
ies through the equivalent plane strain modulus E˜B∗ (αB,βB).
From a computational perspective, the calculation of E˜B∗ (αB,βB)
using the anisotropic Green’s function is rather demanding,
which prevents its online integration into a DEM code. Nev-
ertheless, we may leverage the fact that besides the angles
αB and βB, the quantity E˜B∗ is simply a function of the elas-
ticity tensor CB of body B. An effective remedy to the com-
putational cost issue is thus to create, for every different ma-
terialCB present in the simulation, a table of values [E˜∗](·, · ;CB)
of the equivalent plane strain modulus spanning the range
of all possible contact normal directions αB and βB. These
two-dimensional look-up tables are to be precomputed of-
fline and their values interpolated when (39) is called dur-
ing the course of the DEM simulation. Given a material,
we describe in Appendix E an algorithm for the calculation
of such a look-up table, which is shared between all bod-
ies made of the same material. Lastly, the solution to (37),
which is required for non-spherical particles in both the iso-
tropic and anisotropic contact laws, takes just a few Newton-
Raphson iterations to converge2 and can either be directly
implemented into a DEM code, or stored in another one-
dimensional look-up table as a function of the ratio M/N.
4.2 Ad hoc computation of the plane strain modulus
As we have noted above, the main issue with the first simpli-
fication strategy lies in the need to compute the anisotropic
Green’s function (24) in order to get the equivalent plane
strain modulus E˜B∗ (αB,βB). In this section, we present an
alternative, ad hoc approach to obtain E˜B∗ that is much faster
to compute, yet retains directional information and makes
full use of all elastic constants of the material. Recall that
for isotropic materials, the plain strain modulus is given by
EB∗ =
EB
1− (νB)2 , (41)
where EB and νB are respectively the Young’s modulus and
Poisson’s ratio of body B. Returning to anisotropic materi-
als, we may define an ad hoc equivalent plain strain modulus
E˜B∗ (αB,βB) through a direct generalization of the above ex-
pression. We substitute EB and νB with the effective Young’s
modulus EBn (αB,βB) and effective Poisson’s ratio νBn (αB,βB)
along the contact normal direction n, giving
E˜B∗ (α
B,βB) =
EBn (αB,βB
1− (νBn (αB,βB))2
. (42)
The effective material quantities EBn and νBn are defined the
same way as for isotropic materials, with the exception that
they now depend on the relative orientation (αB,βB) of the
unit normal n with respect to the body. First, consider a state
of uniform uniaxial stress along n,
σ = σn⊗n, (43)
which induces a strain εB = SBσ , with SB the compliance
tensor of particle B. The resulting normal strain along the
contact normal n is then given by
εBn = n · εBn = n · (SBσ )n, (44)
2 To speed up convergence, one may start the iterations from e =
2eg/
√
3 with eg =
√
1−M/N, which provides an excellent approxi-
mation to the solution in the range 0< eg < 0.4 and remains reasonably
accurate up to eg ' 0.8 (see [4], Section 3.3.1).
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and the resulting normal strain in the transverse direction is
given by
εBt =
1
2pi
∫ 2pi
0
(t · εBt)dγ = 1
2pi
∫ 2pi
0
(t · (SBσ )t)dγ, (45)
where t is a unit vector orthogonal to n, and γ is the angle
between t and an arbitrary fixed point in the plane perpen-
dicular to n. Denoting u, v a fixed orthogonal basis within
that plane, the substitution t = cosγ u+ sinγ v enables the
explicit calculation of the above integral, leading to
εBt =
1
2
(u · (SBσ )u)+ 1
2
(v · (SBσ )v). (46)
The effective Young’s modulus and Poisson’s ratio along n
are thus
EBn (α
B,βB) =
σ
εBn
, νBn (α
B,βB) =−ε
B
t
εBn
. (47)
Finally, we insert the above quantities back into the ad hoc
definition (42) of the equivalent plane strain modulus, and
we use (37) and (38) to find the resulting normal force. We
note that while the computation of the plane strain modulus
using the ad hoc approach described here is much faster than
the Green’s function approach described in Section 4.1, it is
still more demanding than simply retrieving a precomputed
value from a look-up table. Therefore, it is advantageous to
use the latter approach in this case, as in the truncated model,
creating a table of values [E˜∗](·, · ;CB) of the ad hoc plain
strain modulus as a function of αB and βB, for every mate-
rial present in the simulation.
4.3 Summary of the exact and simplified laws
For the convenience of the reader, we provide in Table 1
a summary of the exact and simplified anisotropic contact
force laws that we have presented in Sections 3.2, 4.1, and
4.2. We display separately the general case of an elliptic gap
function (i.e. M 6= N) and the limiting case of a circular gap
function (i.e. M = N), for which the simplified contact laws
assume an even cleaner form3. Note that in Section 4.1.1,
we have described the circular limit in the context of two
spherical contacting bodies of radii RB1 and RB2 , in which
case M = N = 1/2R with 1/R = 1/RB1 +1/RB2 . From here
on, we will refer to the simplified laws described in Sec-
tions 4.1 and 4.2 as the truncated and ad hoc contact laws,
respectively.
3 Willis [55] demonstrated that the contact area remains elliptic in
the exact solution for a circular gap function and general anisotropic
media. Thus, the exact contact law still requires the coupled solution
of e and φ through (32), while its simplified counterparts simply return
a circular contact area as described in Section 4.1.1.
5 Comparison of the contact force laws
In this section, we compare the exact and simplified con-
tact force laws through numerical calculations of the force
experienced by a smooth and rigid indenter (body B2) press-
ing against a surface made of a given material (body B1). We
will consider a number of possible scenarios by changing the
material, the contact normal direction as well as the geom-
etry of the contacting surfaces, defined by the gap function
(2). In terms of materials, we selected three different crys-
tals spanning a wide range of degrees of symmetry. First is
iron (Fe), which has a cubic crystalline structure described
by three independent elastic constants C11 = 231, C44 = 116,
and C12 = 135 GPa, as determined in [42]. Second is quartz
(SrO2), which has a trigonal crystalline structure described
by 6 independent elastic constants, measured by [25] as C11 =
87.2, C33 = 106, C44 = 57.2, C12 = 6.57, C13 = 12.0, and
C14 = −17.2 GPa. Finally, third is zirconia (ZrO2), which
has a monoclinic crystalline structure described by 13 inde-
pendent elastic constants, which were characterized by [9]
as C11 = 361, C22 = 408, C33 = 258, C44 = 99.9, C55 = 81.2,
C66 = 126, C12 = 142, C13 = 55.0, C15 =−21.3, C23 = 196,
C25 = 31.2, C35 =−18.2, and C46 =−22.7 GPa.
5.1 Polar visualizations
We first show polar visualizations of the force predicted by
the exact solution and its two simplifications for an inden-
tation depth (overlap) δ = 100nm. We parameterize the di-
rection of the unit normal n to the contact plane with respect
to the local coordinate basis (XB11 ,X
B1
2 ,X
B1
3 ) of body B1 by
the two Euler angles αB1 , βB1 depicted in Figure 2(b). Due
to the symmetry exhibited by the Green’s function (21) with
respect to the sign of the unit normal n, the behavior of the
force is completely specified for all materials by the hemi-
sphere αB1 ∈ [0,2pi], βB1 ∈ [0,pi/2]. For visualization pur-
poses, we project each direction point on the hemisphere to
a plane through stereographic projection, in such a way that
the data pertaining to the orientation (αB1 ,βB1) will be dis-
played at the location (tan(βB1/2)cosαB1 , tan(βB1/2)sinαB1)
in a disk of unit radius.
Figures 3 and 4 display such polar visualizations of the
exact contact force law and its two simplifications for a cir-
cular gap function (M = N = 1µm−1) in Figure 3 and an
elliptic gap function (M = 1µm−1, N = 2µm−1) in Figure
4. In the elliptic case, we have chosen to orient the principal
axes (x,y) of the gap function along the polar (α,β ) direc-
tions. For both figures, (a,b,c) correspond to iron, (d,e,f) to
quartz, and (g,h,i) to zirconia. Surprisingly, we notice that
the truncated force law is remarkably close to the exact so-
lution for all materials, contact directions and shapes of the
gap function. This result is extremely promising for DEM
applications since the truncated law can return a near-exact
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Fig. 3 Polar visualizations of the normal force F predicted by the exact contact force law and its two simplifications for iron (a,b,c), quartz (d,e,f),
and zirconia (g,h,i), under indentation depth δ = 100nm and gap function coefficients A = B = 1µm−1.
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Fig. 4 Polar visualizations of the normal force F predicted by the exact contact force law and its two simplifications for iron (a,b,c), quartz (d,e,f),
and zirconia (g,h,i), under indentation depth δ = 100nm and gap function coefficients A = 1µm−1 and B = 2µm−1.
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Contact force law
Elliptic g0 (M 6= N) Circular g0 (M = N)
F E˜B∗ e φ F E˜B∗ e φ
Exact (Section 3.2) (33) – (32) (32) (33) – (32) (32)
Truncated (Section 4.1) (38) (36) (37) 0 (40) (36) 0 0
Ad hoc (Section 4.2) (38) (42) (37) 0 (40) (42) 0 0
Table 1 Summary of the exact and simplified anisotropic contact laws.
contact force at a very reasonable cost (presuming that one
uses a look-up table approach as described in Section 4.1
and Appendix F). The ad hoc approximation, on the other
hand, deviates further away from the exact solution. The ac-
curacy with which it predicts the shape of the contour lev-
els of the force depends on the degree of symmetry of the
material – it performs very well in this regard for iron, rea-
sonably well for quartz, and more poorly for zirconia. More
importantly, it fails to correctly predict the extrema of the
force and displays a much stronger dependence of the latter
on the contact normal direction, as compared with the other
solutions.
The relative dependence of the force on the contact nor-
mal direction is not strongly influenced by the geometry of
the gap function, as one observes by comparing Figures 3
and 4. The most apparent difference between the circular
and elliptic gap functions under a given overlap distance
is that the force is lower in the elliptic case for all con-
tact normal orientations, which is expected since the case
M = 1µm−1, N = 2µm−1 has a higher mean curvature at
the contact point than the case M = N = 1µm−1. Curiously,
the other geometrical features of the exact solution – namely
the eccentricity e and orientation φ of the contact area – are
more sensitive to the geometry of the gap function, as shown
in Appendix B.
5.2 Error analysis
Next, we perform a quantitative analysis of the accuracy of
the two simplified contact force laws with respect to their
exact counterpart. Let us first define eg, the eccentricity of
the gap function, as
eg =
√
1− M
N
. (48)
The quantity eg measures the eccentricity of the contour lev-
els of the gap function g0(x,y), in the same way that e quan-
tifies the eccentricity of the boundary of the contact area. A
circular gap function corresponds to eg = 0. We first quan-
tify the sensitivity of the various contact laws with respect to
the contact normal direction for different values of eg, using
the same overlap δ = 100nm as prescribed before. To this
effect, Figure 5 shows the mean and extrema values, over all
contact normal directions, of the normal force predicted by
the exact and simplified contact laws versus eg, for iron (a),
quartz (b) and zirconia (c). We again observe that the trun-
cated law is very accurate, while the ad hoc law exaggerates
the dependence of the force on the orientation. For a more
quantitative comparison, we define, for a given value of eg
and a given material, the relative error
E =
1
2pi
∫ 2pi
0
∫ pi/2
0
|Fs(α,β )−Fe(α,β )|
Fe(α,β )
sinβdαdβ , (49)
where Fe and Fs refer, respectively, to the exact and sim-
plified solutions. Thus, (49) returns the mean relative error
over all contact normal orientations. Figure 6 shows the er-
ror as a function of the eccentricity of the gap function eg
for the three materials considered previously. The accuracy
of the truncated law is remarkable for small values of the
gap function eccentricity eg, and remains very good as eg
increases, with the relative error ε remaining under 1%. The
ad hoc law, on the other hand, behaves more poorly with the
error being on the order of 10% for the three materials.
We now study the behavior of the exact and simplified
contact laws as the constitutive relation approaches the iso-
tropic limit. For this purpose, we construct an arbitrary cubic
material of varying anisotropy ratio AR defined by [56] as
AR =
2C44
C11−C12 , (50)
with the particular case AR = 1 corresponding to an iso-
tropic material, and we pick the same values for C11 and C12
as for iron. (For reference, iron then corresponds to the case
AR = 2.41.) Figure 7 shows the mean and extrema values,
over all contact normal directions, of the normal force pre-
dicted by the exact and simplified contact laws for this arbi-
trary material and a circular gap function, that is, eg = 0. As
expected, the two simplified contact laws degenerate to the
exact solution in the limiting case AR = 1 of an isotropic
material. This remains true for a finite value of eg, as dis-
played in Figure 8 for eg = 0.7 in terms of the mean relative
error ε defined in (49). Here again, the truncated contact law
is remarkably close to the exact solution for all values of
anisotropy ratio AR and gap function eccentricity eg, with
the relative error ε remaining under 1%, while the second
approximation returns larger relative errors on the order of
10%.
Going forward, we select the truncated simplification as
the contact force law of choice for implementation into a
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Fig. 5 Mean, maximum and minimum values of the normal force F ,
over all contact normal directions, predicted by the exact and simplified
contact laws as a function of the eccentricity eg of the gap function, for
(a) iron, (b) quartz, and (c) zirconia.
DEM code. Implemented with a look-up table approach, the
computation of this force law is equally fast as the ad hoc
simplification, yet returns results that are accurate to within
1% for ellipsoids and within 0.1% for spherical particles.
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Fig. 6 Mean relative error E over all contact normal directions of the
force F predicted by the two simplified contact laws as a function of
the eccentricity eg of the gap function, for iron, quartz, and zirconia.
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Fig. 7 (a) Mean, maximum and minimum values of the normal force
F , over all contact normal directions, predicted by the exact and sim-
plified contact laws for an arbitrary cubic material with varying aniso-
tropy ratio AR and eg = 0.
6 Applications
We now implement the truncated anisotropic contact law de-
scribed in Section 4.1 into a custom DEM code, which en-
ables the simulation of granular materials composed of elas-
tically anisotropic particles. Even though the contact laws
that we have derived are applicable to arbitrarily-shaped bod-
ies as long as their surfaces are smooth and convex, we will
here restrict ourselves to spherical particles. We will show
two examples, one static and one dynamic, where the ani-
sotropy of the constitutive relation induces changes in the
macroscopic properties of the system.
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Fig. 8 Mean relative error E over all contact normal directions of the
force F predicted by the two simplified contact laws as a function of
the anisotropy ratio AR of an arbitrary cubic material.
6.1 Equations of motion
Consider a system of N spherical particles i = 1, . . . ,N with
(possibly distinct) elasticity tensors Ci. In this section, we
adopt a slight change of notation and indicate quantities per-
taining to body i with a subscript i, in line with conventions
from the DEM literature. The positions and orientations of
the particles are described by a set of generalized coordi-
nates {qi} = ({ri},{ε i}), where {ri} ∈ R3 denotes the po-
sition of the center of mass of body i, and {ε i} ∈ R4 is a
set of Euler parameters (unit quaternions) that characterizes
the orientation of body i, both in the global reference frame
(X1,X2,X3) shown in Figure 2(a). The linear and angu-
lar velocities of the particles are described by generalized
velocities {vi} = ({r˙i},{ω i}), where {ω i} ∈ R3 is the an-
gular velocity of body i in the global frame and relates to the
time derivative of the Euler parameters {ε i} as (see [18,17]
or equation (9.3.37) in [22])
{ε˙ i}= 12 [A(ε i)]{ω i}, (51)
with the matrix [A(ε i)] ∈ R4×3 defined as
[A(ε i)] =

−εi,1 −εi,2 −εi,3
εi,0 εi,3 −εi,2
−εi,3 εi,0 εi,1
εi,2 −εi,1 εi,0
 . (52)
Two bodies i and j, with diameters di and d j, interact when
their signed overlap function,
δi j =
di+d j
2
−|ri− r j|, (53)
is positive. Denoting by ci = { j : δi j ≥ 0} the set of particles
that are in contact with body i, the generalized velocities can
be integrated in time using Newton’s equations of motion,
mi{r¨i}= ∑
j∈ci
{Fi j}+mi{g}, (54a)
Ii{ω˙ i}= ∑
j∈ci
(ai j{ni j}×{Fi j}), (54b)
where mi and Ii denote respectively the mass and moment
of inertia of particle i. At each contact, ai j = (di − δi j)/2
denotes the distance from the center of mass of particle i
to its contact point with particle j, the unit normal vector
ni j = (r j− ri)/|r j− ri| is directed from i to j, and the force
{Fi j} consists of normal and tangential components,
{Fi j}= Fni j{ni j}+F ti j{ti j}, (55)
where the tangent unit vector ti j belongs to the contact plane
and depends on the history of relative tangential velocities of
i and j at the contact point. In this paper, we consider fric-
tionless4 bodies so that F ti j = 0. The normal force F
n
i j com-
prises an elastic and a viscous part,
Fni j =−max(Fei j + γnδ˙i j,0), (56)
where the max(·) function forbids the existence of a cohe-
sion force, and the orientation-dependent elastic component
Fei j is given by the normal contact force law derived in Sec-
tion 4.1,
Fei j =
4
3
E˜c∗({ε i},{ε j},{ni j})R1/2i j δ 3/2i j , (57)
where 1/Ri j = (2/di+2/d j). In the above equation, the de-
pendence of E˜c∗ on the relative orientations of bodies i and
j with respect to the contact normal direction has been indi-
cated through the global coordinates {ε i}, {ε j}, and {ni j},
which are readily available in the simulation. Given these in-
puts, we present in Appendix F an algorithm to retrieve the
value of E˜c∗ from two (or one, if Ci = C j) precomputed ta-
bles of values of the plane strain modulus, [E˜∗](·, · ;Ci) and
[E˜∗](·, · ;C j), the computation of which is described in Ap-
pendix E. Further details regarding the numerical implemen-
tation of the DEM code and parameter values are listed in
Appendix H.
4 A direct consequence of this assumption is that in the absence of
external torques, spherical particles will keep their initial orientation
throughout the simulation. Nevertheless, our exposition accounts for
the possible presence of angular velocities in an effort to be as general
as possible. Torques may arise in other works as a result of the geom-
etry or surface roughness of the particles, and it is critical to treat their
orientations correctly since the anisotropic contact law is orientation-
dependent.
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6.2 Static force distribution in a pyramid
As a first example, we consider a static square-based pyra-
mid of close-packed single-crystal zirconia spheres, with ten
particles along each side of the base. This system is stati-
cally indeterminate due to each interior particles possessing
twelve neighbors [40]. Therefore, the equilibrium contact
forces will depend on the contact stiffnesses (that is, on the
composite plain strain moduli E˜c∗), which in the case of ani-
sotropic particles are a function of the contact directions and
particle orientations. As we will show next, our anisotropic
DEM framework enables us to investigate the relationship
between the floor pressure at the base of the pyramid and
the orientation of the particles.
Notice from Figure 3 that a sphere made of single-crystal
zirconia may be thought of as having a band of high contact
stiffness along its equator. We will consider four separate
arrangements in which every particle is either oriented such
that the strong band is roughly horizontal (orientation 1),
resulting in all contacts witnessing approximately the same
stiffness from that particle; or the strong band is roughly
aligned with a vertical plane parallel to the y = x diagonal
of the square base (orientation 2), causing stiffer contacts
oriented in those directions compared to those oriented in
the other direction.
Figure 9(a) shows a three-dimensional visualization of
the pyramid, which is initialized by placing the particles
in a position where they barely touch their neighbors. The
pyramid is then allowed to settle under the acceleration of
gravity, with the contact forces oscillating during a transient
phase before reaching their equilibrium values. For the case
of all particles following orientation 1, Figure 9(b) shows
this phenomenon through the time evolution of∑ j∈ci |Fi j|/mg,
the normalized sum of the force magnitudes that each par-
ticle experiences at all its contact points. The same quantity
is shown at final time in Figure 9(a) as the semi-transparent
color applied to each grain.
In Figure 10, we display the distribution of normalized
reaction forces Fz/mg on the base of the pyramid, once equi-
librium is reached. We consider four separate arrangements
of particle orientation, which we visualize by displaying par-
ticles in orientation 2 with a diagonal line aligned along their
strong band. Particles in upper layers are oriented identically
to the base layer particles belonging to the same y = x+ c
vertical plane. As expected, the reaction forces are symmet-
rical in the case shown in Figure 10(a) where all particles
have orientation 1, since all the contacts see approximately
the same stiffness. That symmetry is broken and a clear ef-
fect of anisotropy emerges in Figure 10(b), where all par-
ticles have orientation 2. Due to the stronger contacts along
directions parallel to the y= x plane, the two corner particles
aligned along the ‘strong’ y = x diagonal inherit a larger re-
action force than the other two corner particles. The picture
Fig. 9 (a) Geometry of the static square-based pyramid. Each particle i
is colored according to ∑ j∈ci |Fi j|/mg, the normalized sum of the force
magnitudes that it withstands at all its contact points. (b) The same
quantity is plotted over time during the settling of the pyramid.
gets even more interesting in Figures 10(c) and (d), which
demonstrate that it is possible to tune the reaction force be-
neath the pyramid by mere rotation of the constituent par-
ticles. To conclude, this simple example highlights the im-
portance of accounting for anisotropic effects in the discrete
element modeling of elastically anisotropic particles, even
in situations that involve no dynamics at all.
6.3 Sound transmission in a granular chain
As a second example, we investigate the transmission of
sound in a compressed chain of adjacent spherical parti-
cles between two fixed walls. A large body of work has re-
searched the behavior and frequency response of such ‘gran-
ular crystals’ to small-amplitude dynamic displacements of
the particles, where small is in comparison with the static
overlap imposed between adjacent particles by the compres-
sion force. In particular, different authors have shown that
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Fig. 10 Distribution of normalized reaction forces Fz/mg on the base of the pyramid for particles oriented such that either all contacts see uniform
stiffness from the particle, or contacts along directions parallel to the y= x plane are stronger. Particles belonging to the second group are displayed
with a diagonal line, and particles in upper layers are oriented identically to the base layer particles belonging to the same y = x+c vertical plane.
by combining particles with different geometrical or mate-
rial properties, it is possible to obtain a frequency response
characterized by acoustic band gaps inside of which no fre-
quencies are allowed [26,23,6], thus filtering out input fre-
quencies. Such filters are desirable for a range of purposes
ranging from acoustic filters to vibrational isolation, and the
tunability of these band gaps is key to delivering optimal
performance.
The existence of acoustic band gaps requires the con-
tact stiffnesses between the grains to be non-uniform. This is
most simply achieved in diatomic chains consisting of parti-
cles with alternating properties, for which a single band gap
appears [8,31,26]. A second band gap was shown in [6] to
emerge in diatomic chains composed of three-particle unit
cells. The tunability of these band gaps requires a change in
the properties of the particles, which is typically done by al-
tering their size, geometry or constituent material. Clearly,
this is not feasible in practice when one desires to control
the band gap frequencies in real-time.
As we have seen throughout this paper, elastically aniso-
tropic bodies exhibit an orientation-dependent contact stiff-
ness. Here, we utilize this property to construct a monoatomic
granular crystal that possesses band gaps that may be tuned
by mere rotation of its constituent particles. Specifically,
consider the chain of anisotropic zirconia particles pictured
in Figure 11(a) and compressed between two fixed walls.
The chain consists of periodically repeated four-particle unit
cells in which the orientation ψ of the middle two particles
is varied systematically while that of the two edge particles
is kept fixed. The angle ψ is defined as the orientation of the
strong band of the zirconia spheres (schematized in Figure
11(a) by the straight line within each sphere) with respect
to the plane orthogonal to the chain axis. The edge particles
within each unit cell are oriented such that the strong band
is orthogonal to the chain axis.
In the linear regime that we investigate, the relative dis-
placement between any two adjacent particles is small with
respect to their static overlap δ 0i j caused by the compres-
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Fig. 11 (a) Schematic of the granular chain, composed of periodically
repeated four-particle unit cells and compressed between two fixed
walls. The orientation ψ of the middle two particles in each unit cell
is varied systematically, while that of the two edge particles is fixed.
(b) Dependence of the linearized contact stiffnesses κ1, κ2, κ3 on the
orientation ψ of the middle particles.
sion force F0. Thus, the overlap term δ
3/2
i j occurring in the
contact force law (57) can be linearized about δ 0i j, produc-
ing a force-displacement relation that is linear with a pro-
portionality constant termed the linearized contact stiffness.
The latter is clearly a function of the composite plain strain
modulus E˜c∗ and therefore depends on the orientation of the
particles. (For more details, the reader is invited to refer to
Appendix I.) As pictured in Figure 11(a), the structure of the
unit cell in our granular chain gives rise to three different lin-
earized contact stiffnesses κ1, κ2, and κ3, which depend on
the orientation ψ of the middle particles according to Figure
11(b). Note that κ3 is constant since it measures the stiff-
ness between the edge particles of two adjacent unit cells,
the orientations of which are fixed.
In order to obtain analytical insight into the frequency
response of our granular crystal with four-particle unit cells,
we derive in Appendix I the dispersion relation of the sys-
tem for an infinite number of particles, which relates the
wavenumber k of propagating sound waves to their frequency
ω . The dispersion relation is displayed in nondimensional
form for the case ψ/pi = 0.45 in Figure 12, where k is nor-
malized by the equilibrium length a of each unit cell, and the
corresponding ω is normalized by the ψ-independent time
scale t0 =
√
m/κ3, with m the mass of each sphere. Com-
pared with the three-particle unit cell studied in [6], we re-
port the emergence of an additional fourth band of propagat-
ing frequencies above the usual acoustic and optical bands.
As a consequence, our chain of four-particle unit cells in-
herits three bands of forbidden frequencies, or band gaps,
in which sound waves decay exponentially and cannot prop-
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Fig. 12 Analytical dispersion relation of the compressed granular
chain for an infinite number of particles, in the case ψ/pi = 0.45.
agate along the chain. The second band-gap, however, has
negligible width for the material properties that we consider
here.
We now demonstrate the tunability of these vibrational
band gaps by rotation of the middle particles in each unit
cell. First, we verify the agreement between the analytical
band frequencies and the behavior of a finite-length chain
composed of 102 particles, which we simulate in our aniso-
tropic DEM framework. A small initial velocity is assigned
to the first sphere in the chain, reproducing the effect of
an impact excitation, and the force felt by the last sphere
is measured as a function of time. Figure 13(a) shows the
resulting power spectral density for the case ψ/pi = 0.45,
with the shaded regions corresponding to the four bands of
propagating frequencies predicted by the dispersion relation
pictured in Figure 12. We observe excellent agreement be-
tween the theoretical predictions and numerical results, with
vanishing energy of the force spectrum in the band gap re-
gions. Next, we investigate the tunability of these band gaps
by repeating the same numerical experiment for a range of
orientations ψ of the middle particles in each unit cell. The
resulting spectrum is displayed in Figure 13(b) as a filled
contour plot where each column corresponds to a particular
value of ψ , and demonstrates the adjustability of the band
gaps by simple rotation of some of the particles. The white
lines are the cut-off frequencies predicted by the dispersion
relation and agree very well with the numerics. We note that
the band gaps disappear as ψ goes to zero, corresponding to
the limiting case of a uniform chain. Finally, it is worth keep-
ing in mind that the dimensional band gap frequencies are
a function of the precompression force through the power
−1/6 dependence of the time scale t0 on F0, inherited from
the dependence of κ3 on F0 (see equation (65) in Appendix
I). As a consequence, the precompression force provides an
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Fig. 13 Frequency response of the compressed granular chain. (a)
Power spectral density of the force observed at the last grain for
ψ/pi = 0.45. The shaded regions correspond to the four bands of propa-
gating frequencies predicted by the dispersion relation pictured in Fig-
ure 12. (b) Power spectral density of the force observed at the last grain,
plotted in log scale for a range of values of ψ/pi . The white lines are
the cut-off frequencies predicted by the analytical dispersion relation
for an infinitely long chain.
additional control parameter to tune the band gaps, besides
the angle ψ .
7 Conclusions and perspectives
In this paper, we have introduced a method to resolve the
normal force arising between two elastically anisotropic con-
tacting bodies of arbitrary geometry with smooth and fric-
tionless surfaces, with the aim of obtaining a contact law
that can be easily implemented into a DEM code. We first
presented a numerical procedure for the exact solution of
the full linear elasticity equations, resulting in an exact ani-
sotropic contact force law. The computational cost of this
exact contact law precluded its direct implementation into a
DEM code, and its dependence on four parameters at a time
prevented the use of a look-up table of precomputed values.
By shortening the form of the full Green’s function used
in the exact solution, we then derived two simplifications
to the exact contact law. Both simplifications take the same
form as the Hertzian contact law for isotropic bodies, save
for the dependence of the contact (or plane strain) modu-
lus associated with each body on the relative orientation of
the contact normal direction and on the full set of elastic
constants of the body. The precise form of the contact mod-
ulus differs between the two simplifications. In both cases,
the parameter dependence of the computationally expensive
part was reduced from four in the exact contact law down to
two, a significant reduction that enabled the implementation
of these simplified laws into a DEM code through the use
of two-dimensional look-up tables of precomputed values
of the contact modulus over all possible contact directions.
Remarkably, the first of the two simplifications, which we
called the truncated contact law, exhibited remarkable ac-
curacy compared to its exact counterpart, with the relative
error on the predicted force remaining below 1% for a wide
range of materials and surface geometries.
Next, we presented the implementation of the truncated
contact law into a DEM code, which we leveraged to show-
case two application examples in which elastic anisotropy of
the particles induced changes in the macroscopic behavior
of the system. The first example we considered was that of a
static square-based pyramid of contacting single-crystal zir-
conia spheres. By changing the orientation of the particles,
we demonstrated that the pressure at the base of the pyramid
is affected by the anisotropy of the contact forces. We then
studied the transmission of sound waves in a compressed
chain of adjacent single-crystal zirconia spheres, known as a
‘monoatomic granular crystal’. We leveraged the orientation-
dependence of the contact stiffnesses between adjacent spheres
to achieve frequency filtering characteristics that normally
belong to the realm of diatomic granular crystals (assembled
from two different constituent particles). More precisely, we
revealed through theory and numerical computations the emer-
gence of band gaps in which sound frequencies are unable
to propagate down the chain. These band gaps are tunable
by mere rotation of the particles, which offers an attractive
prospect for adoption of such anisotropic granular crystals
in scenarios that demand real-time control.
The present work opens the door to two distinct avenues
of research. The first concerns the extension of our aniso-
tropic contact law to frictional bodies, which can support
tangential surface tractions in contrast to the frictionless bod-
ies that we have treated. In general, the tangential force F ti j
is related to the normal force Fni j through Coulomb’s law,
F ti j ≤ µFni j , with µ a friction coefficient [34]. In order to
determine the magnitude of F ti j in the static friction case
F ti j < µFni j as well as the onset of the dynamic friction case
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F ti j = µFni j , the tangential contact law is typically regularized
through a virtual tangential spring in a fashion that was pio-
neered by [12]. While such an approach can be readily com-
bined with our anisotropic contact law, we mention that sev-
eral authors [49,53,14] have developed more rigorous ex-
tensions of the tangential contact law for isotropic bodies,
based on the early work of [38]. In these studies, the tan-
gential spring becomes nonlinear and its stiffness is related
to the elastic constants of the material, much in the same
way that Hertzian contact theory provides a normal contact
force law that is connected to the material parameters. Un-
like the Hertzian normal force law, these tangential force re-
lations depend on normal force history of the contact, which
may have complex extensions in the anisotropic case. Al-
though highly non-trivial, a generalization of the aforemen-
tioned studies to the elastically anisotropic case would be
very valuable.
The second avenue of research enabled by the aniso-
tropic contact law concerns the effect of elastic anisotropy
on the behavior of granular systems, both at the microscopic
and macroscopic levels. Granular materials sustain external
loads through force chains, which are, in turn, responsible
for the mechanical response of the sample [57]. Consider-
able efforts have therefore been devoted to their characteri-
zation from both experimental [35] and theoretical [43] per-
spectives. Recently, Hurley et al. [28] measured the distri-
bution of contact forces in an assembly of elastically ani-
sotropic quartz grains undergoing a compression cycle, and
discovered a surprising inverse relationship between macro-
scopic load and heterogeneity of the contact forces, despite
the clear formation of force chains. Reproducing their ex-
periment in a DEM simulation using our anisotropic contact
law could possibly shed light on the potential role of ani-
sotropy in explaining their observation. Another potential
area of application outside the realm of granular materials
is the mechanical behavior of rock, which can be modeled
in the DEM by a heterogeneous material comprised of ce-
mented grains whose contact force law includes both grain-
based and cement-based contributions [41,29,10]. Although
the elastic component of the grain-based portion of the nor-
mal contact law is usually considered isotropic, crystalline
rocks such as granite possess a microstructure consisting of
individual crystals, and would therefore benefit from the in-
corporation of our elastically anisotropic normal force law.
A Solution strategy for e and φ
We describe our strategy to solve numerically the coupled equations
(32) for the eccentricity e and phase angle φ . First, we recast these
equations as a minimization problem for the objective function J(e,φ)=
log( f 21 (e,φ) + f
2
2 (e,φ)), where f1(e,φ) and f2(e,φ) denote respec-
tively the left-hand-sides of (32a) and (32b). We then perform a global
search for the minimum of J on a coarse grid of values in the range
e ∈ [0,0.8] and φ ∈ [−pi/2,pi/2], and feed the resulting value as an ini-
tial condition to a gradient-based constrained optimization solver. We
use MATLAB’s fmincon function, which implements an interior-point
algorithm, and constrain the search over the region e ∈ [0,1]. Since the
objective function is 2pi-periodic in the φ -direction, we have found that
the optimization procedure is more robust when we leave φ uncon-
strained, and bring its value back to the interval [−pi/2,pi/2] once the
algorithm has converged.
B Geometric features of the exact Hertzian solution
Here, we provide further details on the geometric features of the ex-
act Hertzian solution corresponding to the materials and indentation
parameters considered in Section 5.1. More specifically, we show po-
lar visualizations of the eccentricity e, orientation φ , and semi-major
axis length a1 of the contact area incurred by an indentation depth
δ = 100nm, for a circular gap function (A= B= 1µm−1) in Figure 14
and an elliptic gap function (A= 1µm−1, B= 2µm−1) in Figure 15. In
both figures, (a,b,c) correspond to iron, (d,e,f) to quartz, and (g,h,i) to
zirconia. Note that the discontinuities of the φ field appearing in Figure
14 are merely a visual artefact; indeed, the orientations φ = pi/2 and
φ =−pi/2 are effectively identical as can be inferred from Figure 1(c).
Interestingly, the contact normal direction-dependence of the fields e,
φ , and a1 undergoes drastic change as the gap function changes from
circular to elliptic, while that of the normal force F remains relatively
unaffected, as was shown in Figures 3 and 4.
C Coordinate systems and transformations
In this appendix, we introduce coordinate transformation matrices be-
tween the various reference frames that are utilized, which will come
in handy when we describe the implementation of the contact force law
in the following appendices. Recall Figure 2(a), which shows the two
contacting bodies introduced in Figure 1, this time viewed from the
global (laboratory) reference frame which is defined by the set of co-
ordinates (X1,X2,X3). In Section 3.2, we have introduced a local set
of coordinates (XB1 ,X
B
2 ,X
B
3 ) that is oriented along the material structure
of a given body B, rotating with it at all times. Finally, we also need to
consider the set of coordinates (x,y,z) aligned with the contact normal
and tangent plane directions. Before proceeding further, we introduce
three sets of orthonormal basis vectors:
– (eX1 ,e
X
2 ,e
X
3 ), for the global coordinate system (X1,X2,X3),
– (eX1 ,e
X
2 ,e
X
3 ), for the body-centric coordinate system (X
B
1 ,X
B
2 ,X
B
3 ),
– (ex1,e
x
2,e
x
3), for the contact coordinate system (x,y,z).
The orientation of body B – or, equivalently, of the local coordinates
(XB1 ,X
B
2 ,X
B
3 ) – with respect to the global reference frame (X1,X2,X3)
can be parameterized by a rotation matrix [RB] whose components are
defined by RBi j = eXi ·eXj . (Appendix G provides a relationship between
these rotation matrices and the Euler parameters introduced in Section
6.1 to characterize the orientation of particles in the DEM code.) Fur-
ther, we also introduce a coordinate transformation matrix [QB] from
the contact basis to the body-centric basis, with elements given by
QBi j = eXi · exj .
With this in hand, one can relate the components of a vector v in
the global or contact bases to its components in the local basis of body
B as
{v}X = [RB]T{v}X , (58a)
{v}X = [QB]{v}x, (58b)
where the superscripts X ,X , and x denote the components in the body-
centric, global, and contact bases, respectively.
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Fig. 14 Polar visualizations of the eccentricity e, orientation φ , and semi-major axis length a1 of the contact area predicted by the exact solution
for iron (a,b,c), quartz (d,e,f), and zirconia (g,h,i), under indentation depth δ = 100nm and gap function coefficients A = B = 1µm−1.
Contact model for elastically anisotropic bodies 21
0.75 0.76 0.77 0.78 0.79 -5 0 5
10-3
230 232 234 236 238 240
0.76 0.77 0.78 0.79 -0.01 0 0.01 232 234 236 238 240
0.74 0.76 0.78 0.8 -0.04 -0.02 0 0.02 0.04 230 235 240
Fig. 15 Polar visualizations of the eccentricity e, orientation φ , and semi-major axis length a1 of the contact area predicted by the exact solution
for iron (a,b,c), quartz (d,e,f), and zirconia (g,h,i), under indentation depth δ = 100nm and gap function coefficients A= 1µm−1 and B= 2µm−1.
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D Calculation of the Green’s function
Algorithm 1 presents a numerical procedure for computing the Green’s
function hB(θ ;0) introduced in Section 3.2, which is a function of the
elasticity tensor CB as well as the relative orientation of the contact
(x,y,z) basis with respect to the body-centric (XB1 ,X
B
2 ,X
B
3 ) basis. The
latter is parameterized by the coordinate transformation matrix [QB]
introduced in Appendix C. Hereafter, we offer some complementary
information on the algorithm. For the polar orientation θ and φ = 0,
the coordinates of the unit vectors r and s introduced in (59) are given
in the (x,y,z) contact basis by
{r}x = (cosγ sinθ ,−cosγ cosθ ,−sinγ)T, (59a)
{s}x = (−sinγ sinθ ,sinγ cosθ ,−cosγ)T, (59b)
which is used in line 3. In line 9, we have used the fact that the unit
normal n is related to the basis vector ex3 as n = −ex3; therefore its co-
ordinates in the (XB1 ,X
B
2 ,X
B
3 ) basis are given by n
B
i =−QBi3. In practice,
we discretize the integrals and iterate the for loops on lines 1 and 2 over
100 values of θ and γ , equispaced between 0 and 2pi .
Algorithm 1: Calculation of the Green’s function
hB(θ ;0)
Input: Coordinate transformation matrix [QB] from (x,y,z)
basis to (XB1 ,X
B
2 ,X
B
3 ) basis, components of elasticity
tensor CB in (XB1 ,XB2 ,XB3 ) basis
1 for θ = 0 to 2pi do
2 for γ = 0 to 2pi do
3 Calculate coordinates of r, s in (x,y,z) basis with (59)
4 Transform coordinates of r, s to (XB1 ,X
B
2 ,X
B
3 ) basis
using (58b) with [QB]
5 Compute integrand of (22) using (23)
6 end
7 Perform integral in (22) to get Gi j(θ ;0)
8 end
9 Using (24), compute hB(θ ;0)← QBk3G−1km (θ ;0)QBm3
Output: Green’s function hB(θ ;0)
E Calculation of a look-up table for E˜B∗
Given a material represented through its elasticity tensor CB, Algo-
rithm 2 describes a numerical procedure for computing a look-up ta-
ble of values of the equivalent plane strain modulus E˜B∗ (αB,βB) de-
fined in Section 4.1, for all possible orientations αB ∈ [0,2pi] and βB ∈
[0,pi]. We emphasize that the look-up table, [E˜∗](·, · ;CB), is purely a
function of the elasticity tensor CB. As a result, a given simulation
simply requires one look-up table per material present in the system.
In the common case where all particles are made of the same mate-
rial, only one such look-up table needs to be precomputed and stored.
In our implementation, we have used 100 equispaced values for αB
and 50 for βB. In line 7, the computation of the constant term of
the Fourier series may be performed efficiently through the average
aB0 = (2pi)
−1 ∫ 2pi
0 h
B(θ ;0)dθ . Note that the orientation of the unit vec-
tors u, v selected in line 4 of Algorithm 2 is inconsequential since only
the mean component of the Green’s function hB(θ ;0) is used.
Algorithm 2: Calculation of a look-up table of pre-
computed values of E˜B∗
Input: Components of elasticity tensor CB in (XB1 ,XB2 ,XB3 )
basis
1 for αB = 0 to 2pi do
2 for βB = 0 to pi do
3 Use (34a) to construct n from Euler angles (αB,βB)
4 Construct u and v such that (u,v,n) forms an
orthonormal basis
5 Build the coordinate transformation matrix
[QB]← [{u}X ,{v}X ,{n}X ]
6 Call Algorithm 1 using [QB] and CB to get the
Green’s function hB(θ ;0)
7 Calculate [E˜∗](αB,βB;CB) from hB(θ ;0) with (36)
8 end
9 end
Output: Look-up table [E˜∗](·, · ;CB)
F Retrieving E˜c∗ from the look-up table
We outline in Algorithm 3 a procedure for retrieving the composite
plain strain modulus E˜c∗ between two contacting bodies B1 and B2 from
their orientations and the look-up table(s) precomputed by Algorithm
2. (Appendix G presents formulae for obtaining the rotations matrices
[RB1 ] and [RB2 ] characterizing the orientations of bodies B1 and B2
from the Euler parameters utilized in Section 6.1.) The algorithm is
outlined for the general case where B1 and B2 are made of different
materials with elasticity tensors CB1 and CB2 , requiring the passage
of two look-up tables as an input, one corresponding to each material.
Note however that if B1 and B2 are made of the same material, then
only one look-up table is required. As pointed out in Section 3.2, the
Green’s function (21), and therefore the plane strain modulus E˜B∗ , are
blind to the sign of the contact normal n. Thus, we use in line 2 the
same n to define the components of the contact normal direction in the
reference frames of both bodies.
Algorithm 3: Retrieving the composite plain strain
modulus E˜c∗
Input: Rotation matrices [RB1 ] and [RB2 ] describing the
orientations of bodies B1 and B2, components {n}X of
contact normal direction n in global basis, look-up
tables [E∗](·, · ;CB1 ) and [E∗](·, · ;CB2 )
1 for B = B1,B2 do
2 Transform the coordinates of n from the global to the
body’s local (XB1 ,X
B
2 ,X
B
3 ) basis using (58a) with [R
B]
3 Convert these coordinates to Euler angles (αB,βB) using
(34b)
4 Use (αB,βB) to interpolate EB∗ from the look-up table
[E∗](·, · ;CB)
5 end
6 Calculate Ec∗ using (39)
Output: Composite plain strain modulus Ec∗
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G Relationship between Euler parameters and rotation
matrices
In the DEM code presented in Section 6, the orientation of a given par-
ticle i is described using Euler parameters, or unit quaternions, {ε i}
since their time integration from the angular velocity {ω i} is straight-
forward. In Appendices C and F, however, the orientation is specified
by a rotation matrix [RBi ] (with Bi referring to particle i), since the
latter can be utilized to transform vector components from the global
to the body-centric coordinate systems. Here, we specify the simple
relationship that exists between the two representations. Dropping the
index i, the rotation matrix is given by the Euler parameters as [22]
[RB] = 2
 ε20 + ε21 −1/2 ε1ε2− ε0ε3 ε1ε3 + ε0ε2ε1ε2 + ε0ε3 ε20 + ε22 −1/2 ε2ε3− ε0ε1
ε1ε3− ε0ε2 ε2ε3 + ε0ε1 ε20 + ε23 −1/2
 , (60)
while the Euler parameters are given by the rotation matrix as
ε20 =
tr[RB]+1
4
, (61a)
ε1 =
RB32−RB23
4ε0
, (61b)
ε2 =
RB13−RB31
4ε0
, (61c)
ε3 =
RB21−RB12
4ε0
. (61d)
Note that the quadratic equation for ε0 possesses two roots, and the
choice of a particular root also affects the signs of ε1, ε2, and ε3. Since
the elements of [RB] are quadratic in the Euler parameters, either root
may be selected for ε0 and still define the same physical orientation of
the body.
H Further details on the DEM implementation
We provide additional details regarding the implementation of our DEM
code. We consider spherical zirconia particles with density m= 5680kg/m3
and uniform diameter d = 1cm. The elastic part of the normal force is
calculated with our anisotropic contact law, using the elastic constants
of zirconia given in Section 5. The viscous part is given a damping pa-
rameter γn = 40Ns/m in Section 6.2, and γn = 0 in Section 6.3. The
code is implemented in MATLAB and utilizes a semi-implicit Euler
method to evolve (51) and (54). The linear and angular velocities are
first integrated explicitly, following which the positions and orienta-
tions are integrated using the new (end-of-time-step) linear and angular
velocities. We use a time step ∆ t = 3.6 ·10−5 s.
I Theoretical analysis of the compressed chain
In this appendix, we derive the dispersion relation of the compressed
chain of particles investigated in Section 6.3. Our derivation follows
the exposition of [23] and [6], extending the latter to the present case
of a four-particle unit cell. First, consider the force that is generated be-
tween any two particles i and j in the chain as a result of both the static
force F0 and the dynamic displacement of the particles. Following our
contact force law (40), this force reads
Fi j = Ki j(δ 0i j +δi j)
3/2, (62)
where δ 0i j , δi j are the overlaps between particles i and j due respec-
tively to the static and dynamic force, and Ki j is the nonlinear contact
stiffness between particles i and j, defined as
Ki j =
2
3
E˜c∗(αi,βi,α j,β j)d
1/2, (63)
with αi, βi, α j , β j the Euler angles describing the orientations of par-
ticles i and j with respect to the contact normal direction (which is
parallel to the chain axis), and d the uniform diameter of the particles.
Assuming that δi j δ 0i j , the force-overlap relationship (62) can be lin-
earized about δ 0i j , leading to
Fi j ' Ki j(δ 0i j)3/2 +
3
2
Ki j(δ 0i j)
1/2δi j = F0 +κi jδi j, (64)
where we have substituted the static force F0 = Ki j(δ 0i j)
3/2 and defined
the linearized stiffness κi j between particles i and j as
κi j =
3
2
Ki j(δ 0i j)
1/2 =
3
2
K2/3i j F
1/3
0 . (65)
Going back to Figure 11(a), we recall that our particles are oriented in
a way that gives rise to three different possible stiffnesses between any
two particles. Letting these stiffnesses κ1, κ2, and κ3, we can write the
linearized governing equations for the infinitely long chain as
mu¨4n−3 = κ3(u4n−4−u4n−3)−κ2(u4n−3−u4n−2), (66a)
mu¨4n−2 = κ2(u4n−3−u4n−2)−κ1(u4n−2−u4n−1), (66b)
mu¨4n−1 = κ1(u4n−2−u4n−1)−κ2(u4n−1−u4n), (66c)
mu¨4n = κ2(u4n−1−u4n−0)−κ3(u4n−u4n+1), (66d)
where m denotes the uniform mass of the particles, ui is the dynamic
displacement of particle i with respect to its static equilibrium position
in the compressed chain, and n is the index of the unit cell. These are
wave equations on a lattice with periodicity equal to the static unit cell
length a= 4d−δ 01 −2δ 02 −δ 03 , where δ 0c refers to the static overlap at a
contact with stiffness κc. We therefore express the solution as a Bloch
wave expansion,
{u4n−3,u4n−2,u4n−1,u4n}= {U,V,W,X}ei(kan−ωt), (67)
where the wavenumber k belongs to the first Brillouin zone, [−pi/a,pi/a].
In order to find the frequency ω corresponding to each k, we substitute
the expansion (67) into (66) and solve for a nontrivial solution. This
results in the dispersion relation
m4ω8 + c6m3ω6 + c4m2ω4 + c2mω2 + c0 = 0, (68)
where c6, c4, c2, c0 are functions of κ1, κ2, κ3 as follows:
c6 =−2(κ1 +2κ2 +κ3), (69a)
c4 =−κ21 −2κ22 −κ23 +(κ1 +κ2)2 +(κ2 +κ3)2
+4(κ1 +κ2)(κ2 +κ3), (69b)
c2 = 2(κ1 +κ2)(κ22 +κ
2
3 )+2(κ2 +κ3)(κ
2
1 +κ
2
2 )
−2(κ1 +κ2)(κ2 +κ3)2−2(κ2 +κ3)(κ1 +κ2)2, (69c)
c0 = κ21κ
2
3 +κ
4
2 +(κ1 +κ2)
2(κ2 +κ3)2−κ21 (κ2 +κ3)2
−κ23 (κ1 +κ2)2−2κ1κ22κ3 coska = 0. (69d)
The dispersion relation (68) possesses four ω solutions for every value
of k, which are plotted in Figure 12 in the range k ∈ [0,pi/a] due to the
symmetry of c0 with respect to k = 0.
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